We study the effective index of random media composed of two-layered spheres by using the energy-density coherent potential approximation method. As expected from the Ewald-Oseen extinction theorem, in the long-wavelength limit, the optical properties of a random medium composed of two-layered spheres are identical to those of a random medium composed of the corresponding pure spheres, while in the Mie-scattering region, the single-scattering resonances lead to an overall shift of the effective refractive index with the modified volume fraction.
INTRODUCTION
Recently there has been considerable interest in studying the transport properties of light propagating in disordered media composed of small particles. It has been revealed that the effects of weak localization give rise to coherent backscattering [1] , and the strong disorder leads to the nonclassical diffusion properties, e.g., the renormalization of the diffusion constant D [2] . Experiments have exhibited the random media with a disorder very close to the Anderson transition [3] , which can be quantified by the Ioffe-Regel criterion kl Ã ∼ 1:0 [4] . In 2006, Störzer et al. realized a random medium with kl Ã ¼ 2:5 [5] .
According to the diffusion theory, the Boltzmann diffusion constant D can be expressed as the multiplication of the velocity of electromagnetic energy v e and the transported mean free path l Ã , i.e., D ¼ v e l Ã =3. Therefore, to realize random media close to the Anderson transition, which manifests itself as the absence of diffusion [6] , it is necessary to decrease v e and l Ã simultaneously. Fortunately, the resonant effects of single scatterings are found to lead to the increase of both the dwell time τ and the scattering cross section σ, which subsequently decrease v e and l Ã [7, 8] . Thus, in order to get further close to the Anderson transition, the investigation of the resonant effects, also called the Mie resonances, is of great importance and has received a lot of attention in recent years [7, 9] . Tweer suggested that a dielectric core-mantle sphere can support electromagnetic resonances more strongly than those of a pure sphere [10] , which might be a novel random system to realize Anderson localization of light.
For strongly disordered media, some theories have been proposed to investigate the complicated behaviors of light [11, 12] , which can be described roughly as the single scatterings and the correlation effects caused by coherently multiple scatterings. The effective medium theory (EMT) is one of the powerful theoretical methods to obtain some crucial macroscopic properties of random media [13, 14] , e.g., the effective refractive index n e . The effective refractive index n e (n e ¼ ffiffiffiffi ffi ϵ e p ) of a random medium plays an important role in determining the effective propagation constant q ¼ n e ω=c and subsequently the mean free path l ¼ 0:5=ImðqÞ, the renormalized wave vector k ¼ ReðqÞ, the phase velocity v ph ¼ ω=k, and other macroscopic transport properties of light propagating within the system [15] . In this paper, the effective index of a random medium composed of two-layered spheres is investigated by using the EMT, called the energy-density coherent potential approximation (ECPA) method [16, 17] . The ECPA method is the generalized version of the classical CPA method. The results of v e for high volume fractions, calculated by using the ECPA method, show an obviously improved consistency with experiments [5, 16] .
By numerical calculations, we find that in the longwavelength limit, a random medium composed of two-layered spheres has a counterpart that has identical optical properties. We have performed the ECPA method to investigate the macroscopic properties of random media in the Mie-scattering region as well.
THEORY
It is well known in the theory of wave scattering in random media [11] that after ensemble averaging over the correlation length of the random media, the speckle patterns caused by random interference effects of coherent multiple scatterings are statistically smoothed out, and, therefore, the distribution of the electromagnetic energy within the random medium should be statistically homogeneous [13] . It is suggested that the extended effective medium theory (EEMT) can be applied in this situation [11, 14] . In Refs. [16, 17] , Soukoulis et al. and Busch and Soukoulis applied this physical idea to develop a generalization version of the classical CPA method [11] , i.e., the energy-density CPA method, also called the coated CPA method, to calculate the effective dielectric constant ϵ e of random media composed of lossless spheres.
The scheme of the ECPA method for random media composed of pure spheres is shown in Fig. 1 . As mentioned above, after ensemble averaging, the electromagnetic energy stored in the core-mantle sphere shown in Fig. 1(a) should be equal to that stored in the identical area in Fig. 1(b) . Equation (1) is the corresponding equation for the ECPA method:
where ρ l is the electromagnetic energy density in the lth layer, and ρ e is the averaged energy density. The energy density ρðrÞ for an electromagnetic vectorial field is given by
Generally speaking, the formulas for the ECPA method for random media composed of N-layered spheres can be expressed as
The mathematical expression of the electromagnetic energy density in Eq. (3) can be obtained by a standard derivation according to the Mie theory [18] [19] [20] . The electromagnetic field in the lth layer can be expanded using the vectorial spherical harmonics functions,
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where The total electromagnetic field energy Ω contained within the N-layered spheres can be obtained by adding the EM-field energy Ω l contained in the respective layer according to Eqs. (1)- (6) as follows:
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where z n is the corresponding spherical Bessel functions. The configurational difference between the classical CPA method and the ECPA method is that the latter considers a coated sphere embedded in the effective medium as a scattering unit, while the former investigates the scattering properties of a real sphere. For the case of the two-layered-sphere system, because the radius of the mantle layer of the twolayered sphere in the ECPA method is given by r m ¼ rΦ −1=3 , where r is the radius of the actual spheres, and Φ is the volume fraction occupied by actual spheres, the coated scattering model thus involves the structural information of the system.
Moreover, Störzer et al. and Soukoulis et al. compared the numerical results obtained by the ECPA method with experiments, and a reasonable agreement was shown [5, 16] . For example, in the long-wavelength limit, the effective dielectric constants ϵ e calculated by the ECPA method are in quantitative consistency with those obtained by the Maxwell-Garnett theory [16, 17] , which is given by
In this paper, the ECPA method is used to investigate optical properties of random media composed of two-layered lossless spheres. In addition, the analytical expressions for the ECPA method, i.e., Eqs. (3)- (9), can be used to investigate random media composed of spheres with arbitrary layers. 
NUMERICAL RESULTS
For simplicity and without loss of generality, only the random media composed of pure and two-layered spheres are considered herein.
A. Effective Medium Theory in the Long-Wavelength Limit In the long-wavelength limit, i.e., λ ≫ r, because the size and boundary of a sphere cannot be resolved by the propagating waves, the heterogeneous scatterers can be approximated as point electric dipoles, and the macroscopic properties of random media, e.g., the overall dielectric constant ϵ e , are determined by the summation of the vectorial discrete dipoles. The so-called EMTs are sufficiently valid in this case, and the widely known EMTs were developed by Maxwell-Garnett and Bruggeman [14] . In addition, following the ECPA method described above, we show that the effective dielectric constants ϵ e s can be obtained by the energy distribution for the coated scatterer embedded in a background material with a dielectric constant ϵ e as well. Here, the effective dielectric constants ϵ e s for random media composed of core-mantle spheres are calculated by the ECPA method and the Maxwell-Garnett theory.
The refractive indices for the core and mantle layer of the two-layered sphere are n 1 ¼ 1:44 (SiO 2 ) and n 2 ¼ 2:7 (TiO 2 ), respectively. The radii of the core and mantle are r 1 ¼ 500 nm and r 2 ¼ 600 nm, which determine the volume fraction of SiO 2 and TiO 2 , respectively. The calculated refractive indices n e ðn e ¼ ffiffiffiffi ffi ϵ e p Þ are shown in Fig. 2 . The effective indices n e s obtained by the ECPA method (squares) are in good consistency with those obtained by the Maxwell-Garnett theory (upper line) for random media composed of two-layered spheres [20] , which means that in the long-wavelength limit, the macroscopic properties of random media obtained from energy distribution are nearly identical to those obtained from the resultant field of electric dipoles.
The lower line in Fig. 2 shows the calculated effective refractive indices for the random media produced by replacing the two-layered spheres with pure spheres whose dielectric constant ϵ 0 is given by
where ϕ ¼ ðr 1 =r 2 Þ 3 and the radius of the pure sphere, r 0 ¼ r 2 . It is shown in Fig. 2 that the lower line is in consistency with the upper line and the squares, which means that random media composed of pure spheres with ϵ 0 that obtained by Eq. (11) have identical macroscopic properties with those composed of the corresponding two-layered spheres in the long-wavelength limit. Such consistency can be understood by the following fact.
It is known that the polarizability of a coated sphere embedded in a background medium with ϵ m can be written as [19] 
where A is defined as
In addition, according to the Clausius-Mossotti relation, in the long-wavelength limit, the effective dielectric constant ϵ e for random media composed of two-layered spheres can be written as
where ℵ is the number density of the pure spheres. Similarly, the effective dielectric constant ϵ e for random media composed of pure spheres with ϵ 0 has the following formulas [21] :
Combining Eqs. (12)- (15), the rigorous formulas for ϵ 0 are obtained as
A numerical comparison for the formulas of ϵ 0 respectively defined by Eqs. (11) and (16) is shown in Fig. 3 . These two formulas lead to very close results. Moreover, for the purpose of comparison, a series of numerical results obtained by using the ECPA method to calculate n e for random media composed of two-layered spheres and the corresponding pure spheres [ϵ 0 defined by Eq. (11)] is shown in Fig. 4 , and a similar coincidence takes place.
The comparison of results in Figs. 3 and 4 suggest that the random medium composed of pure spheres with ϵ 0 will be a good approximation for the random medium composed of the corresponding two-layered spheres in the long-wavelength limit. Such an approximation, however, can be understood based on the Ewald-Oseen extinction theorem [22] , in which a macroscopic dielectric medium is regarded as collections of microscopic dipole oscillators (e.g., two-layered spheres) in the long-wavelength limit, each of which is a microscopic source or scatter that replaces the incident wave with another wave with a modified propagation velocity. Therefore, such an approximation is plausible, provided that the polarizability of the two-layered sphere is the same as that of a pure sphere.
In the following section, we used Eq. (11) as the formula for ϵ 0 .
B. Effective Medium Theory in the Mie-Scattering Region
However, when the size of particles is large and comparable to the wavelength λ, the scatterers can no longer be handled as point electric dipoles, and the EMTs are not sufficiently valid as well, because the induced magnetic dipoles are not negligible even for nonmagnetic spheres, which is caused by the nontrivial scattering coefficient b 1 compared with a 1 [23] . The scattering coefficients for spheres with a size comparable to λ can be obtained by the rigorous Mie theory [18, 19] . In this situation, to predict macroscopic properties of random media, the EEMTs are required [14] . For dilute random media, because the correlation effect caused by coherent multiple scatterings is trivial, the electromagnetic power carried by the average component is dominant compared to that carried by the diffuse component. The macroscopic properties of random media, e.g., the effective refractive index n e , can be obtained following the van de Hulst method [18] . In this case, taking n e as an example, n e is obtained by calculating the average superposition of the scattered waves in the forward direction in the far field and then ensemble averaging over the positions of the spheres [23] . However, when the random media is dense where the diffuse component is not negligible compared to the average component, special care should be taken for the purpose of using the effective medium approach correctly [24] , due to the local characteristics of coherent multiple scatterings.
Based on such considerations, the effective medium approach here is restricted to the investigation on the macroscopic properties deduced by the averaged energy distribution within random media, on which the ECPA method can be applied according to the theory described in Section 2.
The random medium investigated here is composed of twolayered spheres with n 1 ¼ 1:44, n 2 ¼ 2:7, and the n 0 for the corresponding pure spheres is obtained according to Eq. (11). As we have shown in Ref. [20] , when the radius of the core satisfies that r 1 ≪ λ, the scattering property of the overall two-layered sphere manifests itself in the way that the contribution from the core is negligible, which leads to the good coincidence of n e s between the curves for two-layered-sphere systems and those for pure-sphere systems, which is shown in Fig. 5(a) , where r 1 ¼ 100 nm. Therefore, in this case, random media composed of pure spheres with a corresponding n 0 are still well approximated to those composed of twolayered spheres.
However, when the radius of the core is comparable to the wavelength, e.g., r 1 ¼ 300 nm in Fig. 5(b) , the amplitudes and positions of Mie resonances are modified significantly by the influence from the core [20] , which affects the overall average n e greatly as well. It is shown in Fig. 5(b) that the positions and amplitudes of peaks of n e for two-layered-sphere systems are quite different than those for pure-sphere systems. Therefore, by modifying the configuration of the single sphere to some extent, which leads to the nontrivial modification of single scatterings, the overall average n e that is determined by single scatterings and correlation effects can be controlled in this way.
In addition, the n e ðλ → ∞Þ for random media composed of two-layered spheres are calculated as well, and the values of n e ðλ → ∞Þ are close to the n e s where the corresponding single scattering is deviated from the Mie resonance. Because the electromagnetic energy stored in the spheres is enlarged by the resonant effects, the overall n e is increased where the Mie resonances take place. The increase of n e for random media with a higher volume fraction Φ can be understood similarly. Effective refractive indices n e of random media composed of pure and two-layered spheres in the long-wavelength limit. The radius of the mantle of the sphere, r 2 ¼ 600 nm, and the radius of the core is changed from r 1 ¼ 100 to 500 nm. The numerical results for random media composed of two-layered spheres are denoted by r 1i , and the results for random media composed of pure spheres with ϵ 0 are denoted by r 0 1i .
The dependence of the overall n e of two-layered-sphere systems on the radius of the core r 1 , and the volume fraction Φ is shown in Fig. 6 . It is obviously illustrated in Fig. 6 that, for a given random medium, the volume fraction influences the amplitude of n e , while the positions of the peaks are nearly unaffected.
It is well known that the correlation effects of coherently multiple scatterings occurring in random media might lead to some coherently resonant phenomena, e.g., so-called speckles, or coherent loops of propagating light that might realize light localization if macroscopically populated [1] , but such local resonant effects are averaged out by ensemble averaging. This is the reason why the positions of the peaks of the curves in Fig. 6 are nearly unchanged when the density of spheres increases.
SUMMARY
In conclusion, the optical properties of random media composed of two-layered spheres are investigated by conducting the ECPA method. After comparisons, we found that in the long-wavelength limit or when the size of the core layer is quite smaller than the wavelength of the incident light, a random medium composed of two-layered spheres has a counterpart composed of pure spheres with n 0 , which has nearly identical optical properties.
However, when the size of the core is comparable to the wavelength, the optical properties of two-layered-sphere systems are different from those of pure-sphere systems, due to the significant contribution of Mie scatterings originally from the core.
Finally, the influence of the volume fraction on the effective refractive index is investigated, which manifest itself as a factor to alter the amplitudes of the curves of n e due to the correlation effects, while the positions of the peaks of the curves are unchanged, because the resonances caused by the correlations effects are smoothed out by the configurational averaging. of China (grant 2011ZX02402) and the exchange-scholar program between the University of Konstanz and Fudan University. Furthermore, we acknowledge fruitful discussions with Georg Maret, Christof Aegerter, and Wolfgang Bührer.
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